Abstract. The paper deals with decomposition of a finite abelian group into a direct product of subsets. A family of subsets, the so-called uniquely complemented subsets, is singled out. It will be shown that if a finite abelian group is a direct product of uniquely complemented subsets, then at least one of the factors must be a subgroup. This generalizes Hajó s's factorization theorem.
Introduction
Let G be a finite abelian group and let A 1 ; . . . ; A n be subsets of G. The product of the subsets A 1 ; . . . ; A n is defined to be the set of elements a 1 . . . a n ; a 1 A A 1 ; . . . ; a n A A n :
Suppose that the product A 1 . . . A n is equal to B. If each element b A B is uniquely expressible in the form b ¼ a 1 . . . a n ; a 1 A A 1 ; . . . ; a n A A n ; then we say that the product A 1 . . . A n is direct. If the product A 1 . . . A n is direct and is equal to B we also will say that the equation B ¼ A 1 . . . A n is a factorization of the subset B.
A subset A of G is called a cyclic subset if it is in the form A ¼ fe; a; a 2 ; . . . ; a rÀ1 g:
Here e is the identity element and a is an element of G, r is an integer such that 2 c r c jaj. If jaj, the order of a, is equal to r, then A is a cyclic subgroup of order r. If r < jaj, then A is not a subgroup of G.
In 1942, Hajó s [3] proved that if a finite abelian group is a direct product of cyclic subsets, then at least one of the factors must be a subgroup.
A subset A of G is called normalized if e A A. A factorization B ¼ A 1 . . . A n is defined to be normalized if each of B; A 1 ; . . . ; A n is normalized.
In 1965, Rédei showed that if a finite abelian group is a direct product of normalized subsets that have prime cardinalities, then at least one of the factors must be a subgroup.
In a restricted version of Hajó s's theorem we assume that each cyclic factor has a prime number of elements. It turns out that the restricted version implies the general result. Thus Rédei's theorem can be viewed as a generalization of Hajó s's theorem. Hajó s proved his theorem in order to solve a problem of Minkowski from geometry. Rédei's theorem also has interesting applications.
This paper is a contribution to the theory of factorization of abelian groups. We will introduce the family of uniquely complemented subsets and show that in some factorization results cyclic subsets can be replaced by uniquely complemented subsets. For instance Hajó s's theorem can be extended replacing the cyclic subsets by uniquely complemented subsets.
Complementer factors
Let G be a finite abelian group and let A be a subset of G. A subset B of G is called a complementer factor of A in G if G ¼ AB is a factorization. In this definition one may assume that the subsets A and B are normalized. To see why, choose elements a A A, b A B and multiply the factorization G ¼ AB by a À1 b À1 to get the factorization
Here Aa À1 and Bb À1 are normalized subsets. Thus if A has a complementer factor, then so does Aa À1 . Further, if B is a complementer factor of A, then so is Bb À1 .
Lemma 1. Let G be a finite abelian group and let A be a normalized subset of G. Set H ¼ hAi. The subset A has a complementer factor in G if and only if A has a complementer factor in H.
Proof. Suppose that A has a complementer factor B in G, that is, suppose that G ¼ AB is a normalized factorization of G. Restricting the factorization G ¼ AB to H gives the normalized factorization H ¼ G V H ¼ AðB V HÞ. Therefore A has a complementer factor B V H in H. Next assume that A has a complementer factor D in H. In other words assume that H ¼ AD is a normalized factorization of H. Let C ¼ fc 1 ; . . . ; c s g be a complete set of representatives in G modulo H. Assume that c 1 ¼ e. Then the sets Hc 1 ; . . . ; Hc s form a partition of G, that is, G ¼ HC is a factorization of G. Now G ¼ ðADÞC ¼ AðDCÞ is a normalized factorization of G. This means that A has a complementer factor DC in G. r Let G be a finite abelian group and let A be a normalized subset of G. Set H ¼ hAi. We say that A is uniquely complemented if there is a unique normalized complementer factor to A in H. In other words the normalized subset A of G is a uniquely complemented subset of G if the following two conditions hold.
(i) There is a normalized subset B of G such that H ¼ AB is a factorization of H.
(ii) The normalized factorizations H ¼ AB, H ¼ AC imply that B ¼ C.
By Lemma 1, if
A has a complementer factor in G then it has a complementer factor in H and conversely if A has a complementer factor in H, then it has a complementer factor in G. If A has a unique complementer factor in H, then we call A a uniquely complemented factor in G. We would like to point out that it is not assumed that A has a unique complementer factor in G.
The next examples show that a normalized subset may have more than one complementer factor or may not have any complementer factor at all. If a group G is a direct product of cyclic subgroups of orders t 1 ; . . . ; t n , then we say that G is of type ðt 1 ; . . . ; t n Þ.
Let G be a group of type ð4; 4Þ with basis elements x, y. Let
Note that H is equal to G and that H ¼ AB, H ¼ AC are normalized factorizations. In this case A has two complementer factors in H. Next let G be a group of type ð9Þ with basis element x. Let A ¼ fe; x; x 4 g; H ¼ hAi:
Now H ¼ G. We claim that A has no complementer factor in G. In order to verify the claim assume on the contrary that G ¼ AB is a normalized factorization. Here jAj and jBj are primes and, by the main result of [4] , A or B must be a subgroup. Since A is not a subgroup B must coincide with the unique subgroup K ¼ hx 3 i of G of order 3. The elements e, x, x 4 must be pairwise incongruent modulo K. But this is not the case as x and x 4 are in the same coset modulo K.
Lemma 2. Let G be a finite abelian group and let A be a uniquely complemented subset of G. Let H ¼ hAi. If H ¼ AB is a normalized factorization, then B must be a subgroup of H.
Proof. Choose an element b A B. As the factorization H ¼ AB is normalized, it follows that b A H. Multiplying the factorization H ¼ AB by b À1 we get the normalized factorization H ¼ Hb À1 ¼ AðBb À1 Þ. As A is uniquely complemented, it follows that B ¼ Bb À1 . Thus
This means that b 0 b À1 A B for each b 0 ; b A B and so B is a subgroup of H. r Let H be a subgroup and let A be a subset of the finite abelian group G. The set of cosets faH : a A Ag is denoted by ðAHÞ=H.
Lemma 3. Let G be a finite abelian group and let H be a subgroup of G. Let A, B be subsets of G such that
is a factorization of the factor group G=H, and suppose further that the elements of A are pairwise incongruent modulo H and the elements of B are pairwise incongruent modulo H. Then G ¼ ABH is a factorization of G.
Proof. As the elements of A are pairwise incongruent modulo H, the cosets aH, a A A are distinct. In other words, if
In order to show that G ¼ ABH is a factorization of G choose an element g A G. Since (1) is a factorization of G=H, the coset gH can be represented in the form
Therefore g A abH and so g ¼ abh for some h A H.
Suppose that
It follows that where að1Þ; . . . ; aðsÞ are integers.
Next we claim that ðAKÞ=K has a complementer factor in ðHKÞ=K. In order to verify the claim set L ¼ H V K. Note that L is a subgroup of K. As the elements of A are pairwise incongruent modulo K, it follows that the elements of A are pairwise incongruent modulo L. Note that L is a subgroup of H. By Lemma 4, ðALÞ=L has a complementer factor in H=L. In other words there is a normalized subset B of G such that
is a factorization of H=L. We may assume that the elements of B are pairwise incongruent modulo L. By Lemma 3, H ¼ ABL is a factorization of H. Therefore for each
We need to show that
Using (5) we get that there is a k A K for which
Let ðCKÞ=K be another complementer factor of ðAKÞ=K in ðHKÞ=K, that is, assume that ðHKÞ=K ¼ ½ðAKÞ=K½ðCKÞ=K is a normalized factorization of ðHKÞ=K. We may assume that the elements of C are pairwise incongruent modulo K.
We claim that ðBKÞ=K ¼ ðCKÞ=K. In order to prove the claim let d 1 ; . . . ; d t A K be a complete set of representatives in KH modulo H. Lemma 3 is applicable to the factorizations ðHKÞ=K ¼ ½ðAKÞ=K½ðBKÞ=K; ðHKÞ=K ¼ ½ðAKÞ=K½ðCKÞ=K and it shows that
are factorizations of HK. Restricting these factorizations to H we get the factorizations
As A is a uniquely complemented subset of G, it follows that
Multiplying by d i we get BK V Hd i ¼ CK V Hd i . Using this the routine computation In addition to the simulated subsets and cyclic subsets defined in Section 1 we will consider distorted cyclic subsets. Let A ¼ fe; a; a 2 ; . . . ; a rÀ1 g be a cyclic subset of a finite abelian group G such that r d 3. If i is an integer with 1 c i c r À 1 and d is an element of G such that a i d B Anfa i g, then we call the set
Of course we could add the condition jAj ¼ jBj to the definition of a distorted cyclic subset, and then this new condition would imply a i d B Anfa i g. A subset A of G is defined to be periodic if there is an element g A Gnfeg such that Ag ¼ A. The element g is called a period of A. If g and h are periods of A and gh 0 e, then gh is also a period of A. The periods of A augmented with the identity element form a subgroup H of G. We call H the subgroup of periods of A. One can verify that there is a subset B of G such that the product HB is direct and is equal to A. The subset B is far from uniquely determined. If A is normalized, then B can be chosen to be a subset of A.
Lemma 6. Let G be a finite abelian group and let A be a cyclic subset of G. If A has a complementer factor in G, then A is a uniquely complemented subset of G.
Proof. Let A ¼ fe; a; a 2 ; . . . ; a rÀ1 g be a cyclic subset of G. Set H ¼ hAi ¼ hai. Since A has a complementer factor in G, by Lemma Lemma 7. Let G be a finite abelian group and let A be a simulated subset of G. If A has a complementer factor in G, then A is a uniquely complemented subset of G.
Since A has a complementer factor in G, it has a complementer factor in H too. Let H ¼ AB be a normalized factorization of H. By [7, Lemma 3] , in the factorization H ¼ AB the factor A can be replaced by L to give the factorization H ¼ LB. Further it follows that B ¼ dB.
Let K ¼ hdi. There is a normalized subset C of B such that the product KC is direct and is equal to B. From the factorization H ¼ LB ¼ LCK it follows that LK H H. On the other hand H ¼ hL; di H LK. Thus H ¼ LK. In particular C ¼ feg and B ¼ K. Therefore B is uniquely determined. r Lemma 8. Let G be a finite abelian group and let B be a distorted cyclic subset of G. If B has a complementer factor in G, then B is a uniquely complemented subset of G.
Proof. Let A ¼ fe; a; a 2 ; . . . ; a rÀ1 g be a cyclic subset of G. Let B ¼ ðAnfa i gÞ U fa i dg be a distorted cyclic subset. Here 1 c i c r À 1 and
. . . ; a rÀ1 g:
is a cyclic subset of G. By Lemma 6, B is a uniquely complemented subset of G. So for the rest of the proof we may assume that d 0 e.
As B has a complementer factor in G, by Lemma 1, it also has a complement factor in H. Let H ¼ BC be a normalized factorization of H. Here we distinguish two cases depending on r d 4 or r ¼ 3.
Let us deal first with the case when r d 4. By [2, Lemma 1] 
There is a subset E of D 1 such that the product ½ðMLÞ=L½ðELÞ=L is direct and is equal to ðD 1 LÞ=L. We may choose E such that the elements of E are pairwise incongruent modulo L.
From the factorization
by Lemma 3, it follows that H ¼ AMEL is a factorization. In particular AML H H. On the other hand
Therefore H ¼ AML and consequently E ¼ feg. This gives 
If a 2 dC V a 3 dC 0 q, then C V aC 0 q. This violates the partition (6). Thus a 2 dC H a 2 C and so dC H C. Consideration of cardinalities reveals that dC ¼ C. Using this from (6) (ii) If in each of the forked factorizations above the factor A can be replaced by the normalized subset D, then in the factorization G ¼ AB the factor A can be replaced by D. we get the normalized factorization G ¼ Gb (ii) Suppose that in the normalized factorization H ¼ AðBb 
shows that G ¼ DB. Consideration of cardinalities gives that G ¼ DB is a factorization of G. This completes the proof of part (ii). r Lemma 10. Let G be a finite abelian group and H a non-trivial subgroup.
(i) If G is an elementary 2-group, the index jG : Hj is equal to 2, G ¼ AH is a normalized factorization, then A must be a subgroup.
(ii) If G is not an elementary 2-group or jG : Hj d 3, then there is a normalized factorization G ¼ A 1 . . . A n H, where each A i is a non-subgroup cyclic or simulated subset.
Proof. (i) From the factorization G ¼ AH, it follows that jGj ¼ jAj jHj and so jAj ¼ jGj=jHj ¼ jG : Hj ¼ 2. Each element of Gnfeg has order 2. This implies that A is a subgroup of G.
(ii) Assume first that G is an elementary 2-group. By the hypotheses of the lemma, jG : Hj d 4 must hold. There is a subgroup K of G such that the product HK is direct and is equal to G. Choose elements h A Hnfeg, k A Knfeg and set
Plainly A 1 is a non-subgroup simulated subset. The computation
Consider the case when G is not an elementary 2-group. We claim that there is an element c A GnH such that jcj d 3. Suppose that this is not the case. If H is an elementary 2-group, then each element of Gnfeg has order 2, and a contradiction follows. Choose h A H with jhj d 3 and choose x A GnH. Now hx B H and so e ¼ ðhxÞ 2 ¼ h 2 . This is a contradiction. Therefore there is an element c A GnH such that jcj d 3.
Set jcj ¼ n. Let t be the least positive integer satisfying c t A H. Note that t is a divisor of n. In particular t c n. Set C ¼ fe; c; c 2 ; . . . ; c tÀ1 g; K ¼ hH; ci:
The elements of C form a complete set of representatives in K modulo H and so K ¼ CH is a factorization of K. We claim that in the factorization K ¼ CH the factor C can be replaced by a nonsubgroup cyclic or simulated subset. Indeed if t 0 n, then C is a non-subgroup cyclic subset and we may choose A 1 to be C. If t ¼ n, then C is a subgroup. Now choose an element h A Hnfeg and set
As n d 3 and h B C, A 1 is a non-subgroup simulated subset. The computation
we have a desired factorization for G and there is nothing to do. If K 0 G, we replace the pair ðH; GÞ by ðK; GÞ and repeat the whole argument. Continuing in this way finally we end up with a required factorization of G. r Lemma 11. Let G be a finite abelian group and let G ¼ AB be a normalized factorization, where A is a uniquely complemented subset. If A is not a subgroup, then there are subsets A 1 ; . . . ; A n such that G ¼ A 1 . . . A n B is a factorization and each A i is a nonsubgroup cyclic or simulated subset.
Proof. Set H ¼ hAi. Restricting the factorization G ¼ AB to H we get the factorization H ¼ AðB V HÞ. By Lemma 2, B V H is a subgroup of H. 
In the factorization H ¼ AðB V HÞ the factor A can be replaced by D. Note that as A is a uniquely complemented factor in G, it follows that B is a subgroup of G. Therefore B ¼ Bb 
Extensions of Hajós' theorem
We are ready to prove the main results of the paper. Theorem 1. Let G be a finite abelian group and let G ¼ A 1 . . . A n be a normalized factorization of G, where each A i is a uniquely complemented subset. Then there is a permutation B 1 ; . . . ; B n of the factors A 1 ; . . . ; A n such that
is an ascending chain of subgroups of G.
Proof. First we show that in the factorization G ¼ A 1 . . . A n at least one of the factors must be a subgroup. Suppose that this is not the case. Set Therefore at least one of the factors, say A 1 is a subgroup. Let H 1 ¼ A 1 . Considering the factor group G=H 1 we see that
is a normalized factorization of G=H 1 . By Lemma 5, each ðA i H 1 Þ=H 1 is a uniquely complemented subset of G=H 1 . Again one of the factors in (7), say ðA 2 H 1 Þ=H 1 , is a subgroup of G=H 1 . Thus H 2 ¼ A 1 A 2 is a subgroup of G. Continuing in this way finally we may assume that
is an ascending chain of subgroups. r
The next result extends [5, Theorem 5] which itself is a generalization of Hajó s's theorem.
Theorem 2. Let G be a finite abelian group whose 2-component is cyclic and let A 1 ; . . . ; A n be uniquely complemented subsets of G. Let G ¼ BA 1 . . . A n be a normalized factorization of G, where jBj is a product of two distinct primes. Then either B is periodic or at least one of the factors A 1 ; . . . ; A n is a subgroup of G.
Proof. Assume on the contrary that B is not periodic and none of the factors A 1 ; . . . ; A n is a subgroup of G. By Lemma 10, there are non-subgroup cyclic or simulated subsets C i; 1 ; . . . ; C i; mðiÞ such that in the factorization G ¼ BA 1 . . . A n the factor A i can be replaced by the product C i; 1 . . . C i; mðiÞ . Therefore
is a normalized factorization of G. Here B is not periodic and none of the factors C i; j is a subgroup of G. This contradicts [5, Theorem 5] . r
A localization result
We start with two lemmas.
Lemma 12. Let G be a finite abelian group and let G ¼ AB be a normalized factorization. If A is a uniquely complemented subset and A is not a subgroup, then B is periodic.
Proof. Choose an element b A B. Multiplying the factorization G ¼ AB by b
À1
we get the factorization G ¼ AðBb À1 Þ. Set H ¼ hAi. Restricting the factorization G ¼ AðBb À1 Þ to H gives the factorization H ¼ AðBb À1 V HÞ. By Lemma 2, Bb À1 V H is a subgroup of H. This subgroup does not depend on the choice of b. Let Lemma 13. Let G be a finite abelian group and let A 1 ; . . . ; A n be uniquely complemented non-subgroup subsets of G. Assume that the product A 1 . . . A n is direct and that jGj ¼ pjA 1 j . . . jA n j, where p is a prime. If there is a normalized subset B of G such that G ¼ BA 1 . . . A n is a factorization, then B is uniquely determined.
Proof. Let G ¼ BA 1 . . . A n be a normalized factorization of G. We would like to show that B is uniquely determined. We proceed by induction on n. 1 is a subgroup of G. This contradicts to the hypotheses of the lemma. Thus K 0 feg. In particular jKj d 2. Now Kb i ¼ B V Hb i and consequently
is a factorization of G. Considering cardinalities yields that jGj ¼ jA 1 j jKjs. Comparing this with jGj ¼ jA 1 j p one can see that jKjs ¼ p. It follows that jKj ¼ p and s ¼ 1. Thus B ¼ B V Hb 1 ¼ K and so B is uniquely determined. Now suppose that n d 2. In order to prove that B is uniquely determined assume on the contrary that there is a normalized factorization [8, Lemma 3] , the factor B can be replaced by C to give the factorization G ¼ CA 1 . . . A n . By Lemma 6, C is a uniquely complemented subset. By Theorem 1, at least one of the factors C; A 1 ; . . . ; A n is a subgroup of G. However only C can be a subgroup of G. Again by Theorem 1, there is a permutation B 1 ; . . . ; B n of the factors A 1 ; . . . ; A n such that
is a chain of subgroups of G. We may assume that B 1 ¼ A 1 ; . . . ; B n ¼ A n since this is only a matter of indexing the factors in the factorization G ¼ CA 1 . . . A n . Thus we may assume that
Repeating the above argument with C 0 in place of C gives that in the factorization G ¼ C 0 A 1 . . . A n , the factor C 0 must be a subgroup and there is an A i for which
This is a contradiction. Thus C V H 1 0 feg which implies C H H 1 . Now C V H 1 ¼ C and so
and the special case of the lemma when n ¼ 1 lead to the contradiction that C ¼ C 0 . For the rest of the proof we assume that
and the inductive assumption yield the contradiction that C ¼ C 0 . This completes the proof. r Theorem 3. Let G be a finite abelian group and let A 1 ; . . . ; A n be uniquely complemented subsets of G. Let G ¼ A 1 . . . A n be a normalized factorization of G and let kð1Þ; . . . ; kðsÞ A f1; . . . ; ng. If the product A kð1Þ . . . A kðsÞ is periodic, then at least one of the factors A kð1Þ ; . . . ; A kðsÞ is a subgroup of G.
Proof. By Theorem 1, one of the factors in the factorization G ¼ A 1 . . . A n is a subgroup of G. If there is a subgroup among A kð1Þ ; . . . ; A kðsÞ , then we are done. So we assume that none of the factors A kð1Þ ; . . . ; A kðsÞ is a subgroup of G. We may rename the factors A 1 ; . . . ; A n such that A 1 ; . . . ; A m are subgroups of G and A mþ1 ; . . . ; A n are not subgroups of G. We may assume that m d 1 and m þ 1 c kð1Þ < Á Á Á < kðsÞ c n. Set
Clearly H is a subgroup of G. Choose a period g of B such that jgj is a prime. Set K ¼ hgi. There is a normalized subset U of B such that the product KU is direct and is equal to B. The sets A kð1Þ ; . . . ; A kðsÞ occur among the sets A mþ1 ; . . . ; A n . Therefore there is a normalized subset V of C such that the product BV is direct and is equal to C. From the equation
There is a normalized subset D of C such that the product DK is direct and is equal to C. From the factorization G ¼ HC ¼ HDK one can conclude that the product HK is direct. In particular H V K ¼ feg. It follows that g B H. Choose an element h A Hnfeg and set A ¼ ðHnfhgÞ U fhgg: If jHj d 3, then since g B H, it follows that A is a non-subgroup simulated subset of G. The computation
In the factorization G ¼ AA mþ1 . . . A n each factor is a uniquely complemented subset and none of them is a subgroup. This contradicts Theorem 1. This settles the case when jHj d 3.
For the rest of the proof we may assume that jHj ¼ 2. Now A ¼ fe; ghg is a cyclic subset. If jgj d 3, then A is not a subgroup and we can finish the proof as before. We are left with the jgj ¼ 2 case. Now from the factorizations
by Lemma 13, it follows that H ¼ A and so h ¼ hg. This leads to g ¼ e, a contradiction. r
Characters
In order to formulate the result of this section we need to introduce some terminology. A normalized subset A of a finite abelian group G is called a lacunary cyclic subset of G if A is in the form
where k is less than the least prime divisor of jGj and g 1 ; . . . ; g k are given distinct elements of G such that g 1 ¼ e and
If hg 1 ; . . . ; g k i H hai then A is called a lacunary cyclic subset in the restricted sense.
The normalized subset A of the finite abelian group G is called a T type subset if the following conditions hold:
(i) there are subgroups H, K of G such that K ¼ AH, where the product AH is direct;
(ii) wðAÞ ¼ 0 implies wðhÞ ¼ 1 for each character w of G and each h A H.
The theorems below are the main results of this section. We will show that a lacunary cyclic subset is a uniquely complemented subset. Similarly, we will show that a T type subset is a uniquely complemented subset. After this, Theorem 4 and Theorem 5 become corollaries to Theorem 1 and Theorem 3 respectively. whose determinant is not zero as t 2 ; . . . ; t s are distinct. It follows that the system (8) has only the trivial solution x 1 ¼ Á Á Á ¼ x s ¼ 0 in the field of complex numbers. This contradiction proves our claim that the factor A can be replaced by A Ã . Next we prove that A is a uniquely complemented subset of G. From the normalized factorization G ¼ AB we get that G ¼ A Ã B is also a normalized factorization of G. Since A is a lacunary cyclic subset in the restricted sense it follows that hAi ¼ hA Ã i ¼ hai. Restricting the factorizations G ¼ AB, G ¼ A Ã B to hai we get the factorizations hai ¼ AðB V haiÞ; hai ¼ A Ã ðB V haiÞ:
By Lemma 6, B V hai is the unique complement of A Ã in hai. We conclude that B V hai is the unique complement of A in hai. r Lemma 15. Let G ¼ AB be a normalized factorization of the finite abelian group G, where A is a T type subset. Then A is a uniquely complemented subset of G.
Proof. Let H, K be subgroups of G such that K ¼ AH, where the product AH is direct and wðAÞ ¼ 0 implies wðhÞ ¼ 1 for each character w of G and for each h A H. Set L ¼ hAi.
Restricting the factorization K ¼ AH to L we get the factorization
Suppose that there is a normalized subset D of L such that L ¼ AD is also a factorization. Let w be a character of H for which wðMÞ ¼ 0. Plainly, w is not the principal character on H. Similarly, w is not principal on L. Let us examine wðAÞ. If wðAÞ ¼ 0, then by the definition of A, wðhÞ ¼ 1 for each h A H. In other words w is the principal character on H. This is not the case, so wðAÞ 0 0 must hold. Applying w to the factorization L ¼ AD gives 0 ¼ wðAÞwðDÞ. It follows that wðDÞ ¼ 0. By [9, Lemma 3.2.6], there is a normalized subset C of L such that the product CM is direct and is equal to D. 
